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Figure 10. log-log plot of gy, vs. M, at 297 °C. 7, = 1.88
X 1072M_ %42, with 7., and M,, expressed in units of poise and
daltons, respectively.

confirming the experimental viscosity exponent of 3.4.
With eq 7, it is now possible to determine the molecular
weight of PETFE in the melt state by means of high-
temperature rheometry so long as the molecular weight of
PETFE remains sufficiently high for the melt viscosity
exponent value of 3.4 to hold.

IV. Conclusions

Laser light scattering, including measurements of the
angular distribution of the absolute scattered intensity and
of the time correlation function together with correlation
function profile analysis, has been developed into a pow-
erful analytical tool for polymer characterizations. We
have succeeded in determining the molecular weight and
its distribution of polymers, which are very difficult to
characterize by standard analytical techniques. Aside from
polyethylene in trichlorobenzene, poly(1,4-phenylene-
terephthalamide) in concentrated sulfuric acid, and poly-
(ethylene terephthalate) in hexafluoro-2-propanol, we have
now characterized an alternating copolymer of ethylene
and tetrafluorcethylene. In each case, the problem has
often been much more than just searching for an appro-
priate solvent for the polymer. For the PETFE charac-
terization, we had to develop a new apparatus for polymer
dissolution and solution clarification at high temperatures,
a new light scattering spectrometer, and improved methods

of data analysis. The technology has now been developed
and demonstrated under the most stringent conditions. By
coupling with other separation techniques, the LLS de-
tection technique using a flow cell’ should have great
potential as an analytical tool for polymer and colloidal
particle characterizations.
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Dynamics of a Flexible Polymer Chain in Steady Shear Flow:

The Rouse Model
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ABSTRACT: The Rouse model of a flexible polymer in dilute solution is studied. A complete description
of the dynamics of a Hookean dumbbell in shear flow is developed from the Bose operator representation
of the Smoluchowski equation. The relaxation of fluctuations from the nonequilibrium steady state is examined,
and dynamic correlation functions are determined exactly. The results are used to study the dynamics of

the Rouse chain in shear flow.

I. Introduction

The theoretical study of dilute polymer solutions has
contributed considerably to the understanding of polymer
flow properties (see, e.g., ref 1-4). In dilute solutions, with
which this paper is concerned, interchain interactions are
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negligible, and, therefore, each chain contributes inde-
pendently to the flow properties and can be treated sep-
arately. The bead—spring models, which represent a
polymer molecule by a chain of beads connected by springs
(see Figure 1), have had notable success in describing dilute
solutions of flexible polymers.? In these models, the springs
represent nearest-neighbor interactions between beads,
which represent segments of the polymer; non-nearest-
neighbor interactions can also be included. The beads also
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Figure 1. Bead-spring model. A bead-spring model of a polymer
consists of N + 1 beads connected by N springs. The vector R;
indicates the position of the ith bead. R;* is the dimensionless
relative coordinate: IR* = R;,, - R,.

interact with the solvent molecules, that is, the fluid in
which they are embedded. Usually this interaction is ap-
proximated by a frictional force, which is proportional to
the relative velocity between the bead and the solvent, and
by a random stochastic force.? Thus, the beads are treated
as interacting, classical, Brownian particles. This leads to
a description of the chain in terms of a probability dis-
tribution function for the positions and velocities of the
beads, whose time evolution is given by the Fokker-Planck
equation.® If the time scale over which the velocities of
the beads approach their equilibrium values is much
shorter than that over which the positions of the beads
approach their equilibrium values, then the Fokker-Planck
equation reduces to a generalized diffusion, or Smolu-
chowski, equation.® This is referred to as the strong-
damping limit and is appropriate for polymer solutions.
The Smoluchowski equation (SE) describes the time ev-
olution of the probability distribution function of the chain
in configuration space. The SE description has been used
to study polymer solutions under various conditions. The
most prevalent use by far has been in studies of equilib-
rium statistical mechanics and dynamics; that is, the focus
has been on describing the average equilibrium configu-
ration of a chain in a solvent at rest (or in uniform motion)
and the time dependence of fluctuations out of that con-
figuration. It has been used less frequently to study
nonequilibrium behavior, such as the behavior of a polymer
in a solvent undergoing flow. In nonequilibrium studies,
the emphasis has been on steady-state statistical me-
chanics, i.e., on determining the time-independent prop-
erties of chains in a steady, time-independent, flow field.
Examples of this application of the SE description are
given in ref 7. Much less attention has been given to
nonequilibrium steady-state (NESS) statistical dynamics,
i.e., the description of the time-dependent fluctuations
around the NESS.® This is the application to which the
present work is addressed. (Dotson? has treated non-
equilibrium dynamics using molecular dynamics simula-
tions based on the Langevin equation. His results should
be comparable to the results obtained here.) A last ap-
plication of the SE approach is to describe the average,
time-dependent, behavior of a chain in a time-dependent
flow field. See, for examples, ref 10.

We consider a polymer chain in a solvent undergoing
steady shear flow, the simplest nonpotential flow, for which
the velocity field is = y£. Potential flow is that for which
the velocity field can be written as the gradient of a po-
tential. A system undergoing potential flow is formally
equivalent to a system in equilibrium, since the presence
of the flow has the same effect on the polymer chain as
an external potential (albeit, usually, an anisotropic one).?
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We will employ the Rouse model of a flexible polymer
chain, which is in the fundamental bead—spring model (and
call the polymer chain a Rouse chain).!! The time-inde-
pendent distribution function for a Rouse chain (i.e., the
steady-state distribution function) in shear flow is well-
known.'? We investigate the time-dependent behavior.
We will not, however, in this first study, include hydro-
dynamic interactions or excluded volume effects, since
including them would have to be done self-consistently.
That is, we would need to consider the effect of the shear
flow on both the hydrodynamic interactions, as in ref 12,
and the excluded volume interactions. Furthermore, since
we are treating dynamics, the frequency dependence of the
hydrodynamic interactions might also need to be included.
(These self-consistency requirements have been noted
previously by Fixman!?® and by Edwards and Freed.!4)
Thus, we ignore both effects in this initial investigation
in order to clarify the important behavior that arises from
the shear flow itself.

In the next section, we discuss the SE for the Rouse
chain in detail. In section III, we specialize to the case of
a Hookean dumbbell and introduce the Bose operator
formalism with which we derive our results. We use the
dumbbell results from section III for the Rouse chain in
section IV. Section V contains a summary of our results
and some concluding remarks. Some mathematical details
are given in the appendices.

II. Smoluchowski Equation

In bead-spring models of a polymer in dilute solutions,
each bead has an equation of motion determined by the
bead-bead, bead-solvent, and external forces. Introducing
a friction coefficient and a stochastic force to approximate
the bead-solvent interaction, as discussed in the Intro-
duction, leads to the Langevin equation of motion for the
ith bead:

mb; + {0, -d) =f + F, (IL1)

Here, m is the mass of the ith bead, 7; is its velocity, ¢ is
the friction coefficient, and &; is the velocity of the solvent
at the position of the ith bead, #(R;), We take { and m
to be the same for all beads. f; and F; are the stochastic
and deterministic forces, respectively. The second term
on the left-hand side, due to friction between bead and
solyent, works to drive the velocity of a particle at R to
i(R), the flow velocity of the solvent at B. The flow field
of the solvent is imposed on it from outside and is not
changed by the presence of the polymers.

It is desirable to employ a statistical description of the
polymer solution because of the stochastic forces in eq II.1.
The Fokker-Planck equation for the distribution function
of the polymer can be derived from the Langevin equation®
and can then be expanded for large friction.® Assuming
the following statistical properties for the stochastic forces

i)y =0

Rt = 0 (IL.2)
(FOF (") = 2kT¢s0(t-t")

leads to the usual SE for the probability distribution

function @ for the entire chain:!®
[9, + @-V]®(&t) = DV-[V + (VAV)]®&(Rt) (IL3)
The right-hand side of this equation is the generalized
diffusion operator, in which the first term is the usual
diffusion operator and the second term accounts for any

nonstochastic forces. % is a 3(N + 1)-dimensional vector
representing the three spatial coordinates of the N + 1
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beads. Thus, the scalar products are 3(N + 1)-dimensional
dot products. The diffusion coefficient is related to { by
the Einstein relation D = kT/{, and 8 = 1/kT. Vis the
spring potential. (The Rouse model employs a Hookean
potential with spring constant T, V = 1/,I'S (R,,~R))%
other choices of V define other bead-spring models.) The
left-hand side is the total time derivative of the distribution
function. It has been assumed that the solvent is incom-
pressible and that the flow field has neither sources nor
sinks; that is, V-2 = 0. This condition is satisfied by shear
flow, for which &; = §4A-R;, where 4 is the shear rate and
A = 8,85 Once ®(A,t) is known, it can be used to cal-
culate averages and correlation functions. The average of
a function A(R) at time ¢ is given by

(A(t)) = f dR A(R)B(R,t) (IL4)

The correlation between a function A(R) at time ¢ and
B(R) at time ¢, is given by

(ABBeH=
Idﬁ’ dR A(R)B(R,t| R t) B(R)B(R' ty) (IL5)

where ®(%,t|#’,t,) is the conditional probability that the
configuration of the polymer is 7 at time ¢ given that the
configuration was 7’ at time ¢,.

We will write the SE and the potential in terms of di-
mensionless coordinates. To this end, we define a char-
acteristic length ! and a characteristic time 7 by

12 =(gT)!

and

r=¢/T (I1.6a)

with which we define the following dimensionless quan-
tities:

(@) R =R/l

(b) Gy = d /4l

(¢c) o =47

det=t/r (11.6b)

(In a bead—spring model other than the Rouse model, I'/?
can be replaced by some appropriate energy scale.) In
terms of these parameters, the SE is

(3, + 0iyV]B(R) = V[V + (VBV)]S(R) (L7

A. Equilibrium. General Bead-Spring Models. For
a chain in equilibrium, the behavior of the function @ is
understood thoroughly for the Rouse model. For other
models, however, only some general properties have been
deduced. We will derive these general properties here and
will then specialize to the Rouse model. This exercise will
serve several purposes: First, we will be able to compare
equilibrium to the NESS and thereby illustrate the ad-
ditional mathematical difficulties that are encountered in
the study of shear flow. Second, we will derive some results
for the Rouse model, in this simpler context, which will
be used later. Last, we will be able to compare the prop-
erties of the Rouse model in equilibrium, as derived here,
with its properties in steady shear, to be derived in sections
III and IV.

In equilibrium, for which ¢ = 0, the time-independent
solution &, to the SE in eq I1.7 is the Boltzmann distri-
bution:

&) = J, exp(-8V) = ¥? (IL.8)

Jy is a normalization factor. This equation also defines

Rouse Model of a Flexible Polymer 105

a new function ¥,, which is needed below. To find the
time-dependent solutions, which represent equilibrium
fluctuations, we define a new function ¥ such that

& = V¥ (IL.9)

Using this definition in eq I1.7, with ¢ = 0, leads to an
equation of motion for ¥,

8, = ~[-V2 + Y (V8V)? - Y(V2BV)]¥ = -S¥

It is important to note that the operator S defined in
eq I1.10 is a Hermitian operator. More specifically, it has
the same form as the Hamiltonian operator in quantum
mechanics. Therefore, we will refer to ¥ in eq I1.10 as the
“wave function”, to distinguish it from &, the probability
distribution function.

The formal solution to eq II.10 is

V(t) = e S (0) (IL.11)

where ¥(0) is the wave function at ¢ = 0. The Hermiticity
of S ensures that it has a complete set of orthonormal
eigenfunctions ¥, and real eigenvalues \,, determined by

S, =\, (IL.12)

Thus, ¥(0) can be expanded in terms of these eigenfunc-
tions:

(I1.10)

(0) = 2.C, ¥, (IL13)
Using this expansion in eq I1.11 leads to an eigenfunction
expansion for ¥(¢):

T(t) = 2.Ce™MY, (I1.14)

We use the language of quantum mechanics once more and
refer to , as the vth “state”. If C, # 0, then the vth state
is occupied; otherwise, it is not occupied.

Note that the ground state (v = 0) is ¥, and has Ay =
0 (as evidenced by S¥, = 0). Normalization requires that
J®dR = f¥,¥ dR = 1. Using the expansion of eq I.14
and the orthonormality of the eigenfunctions, this con-
dition leads to

Co=1 (IL.15)

for any t. Equation I1.15 is simply a statement of the
conservation of probability. Thus, the ground state is
always occupied with amplitude 1. If any excited state (v
# 0) is initially occupied, then its amplitude decays ex-
ponentially in time, with time constant A, . These states
correspond to equilibrium fluctuations; that is, fluctuations
around the average behavior of the chain in equilibrium.
That they decay exponentially follows directly from the
Hermiticity of S and is a result that is valid for any
bead-spring model in equilibrium (i.e., for any V in eq
I1.10).

Averages and correlation functions can be expressed in
terms of the wave functions. Using eq I1.4 and assuming
the system is in the ground state (i.e., ®(R,t) = ¥2(R)),
we find

(A1) = (A) = (0]9]0) (I1.16)

The last expression is written in Dirac notation, which is
defined by

(WlAl) = j‘ AR v (RARY(R)  (1L17)

A correlation function in equilibrium can be written in
terms of the wave function by using eq II.5 and taking

B(R t) = VAR (11.18)
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and

(IL19)

. R [ s(R-%)
"y = ~-t)S(R)
B(Rt|R'ty) = V(R t)e [ Vo R'to) ]

This leads to
(A(t)B(tp)) = (0]Ae™SE1IBI0) = T e M- (0|A|v) (#|B|0)
(11.20)

Note that the exponential decay of the wave functions
leads to an exponential decay of correlation functions.

Rouse Model. Having considered the general properties
of bead—spring models, we now turn our attention to the
Rouse model, for which the potential V is

N o -
gV = 1/221:(Ri+1 - R)? (IL21)

This form suggests that we transform to the coordinates

defined by
R# =Ry, - R;

TR, (I1.22)

This transformation to relative and center of mass coor-
dinates can be summarized by the matrix equation?

F*x = B-R
where
Bj; = bi41 ~ 63 i=1,.,N
B;=1/(N+1); i=N+1,forallj
R* is a 3(N + 1)-dimensional vector whose first 3N com-
ponents are the relative coordinates between the beads and

whose last 3 components are the center of mass coordinates
R *. In terms of these coordinates, the potential is

BV = LY R*? = Y, R R* (I1.23)
and the SE in equilibrium is
8,B(R*) = V-A[V + (VAV)18(H*)  (11.24)

where A is the N X N Rouse matrix. It is defined by
Aij = 26’-} - 5”*1 (11.25)

The dot products are now 3N dimensional. The center of
mass dependence of the distribution function has been
separated out. On average, the center of mass of the chain
moves with the local solvent velocity. It can be taken as
the origin of the coordinate system and need not be con-
sidered further. The behavior of the center of mass co-
ordinate is addressed in detail in ref 2, as is the trans-
formation to normal coordinates, which is summarized
below.

Any further progress requires that we transform to
normal coordinates—those coordinates in which the Rouse
matrix A is diagonal. This is accomplished through the
use of the unitary transformation U defined by

2 vz kjm
Uy = N+l sin N+l (I1.26)

U has the following properties:
UU=1
(UTAU)}'k = ajﬁjk

(I1.27)

where a; is the jth eigenvalue of A and is given by
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a; = 4 sin? __i7.r_.
/ 2N+ 1)

The normal coordinates @ and the potential V are given
by

(11.28)

Q = Uh3x
BV = K0} = %hQ-Q (IL.29)
Again, the script notation @ refers to a 3N-dimensional
vector whose IV three-dimensional components are denoted

by @ (i = 1, ..., N). In terms of the normal coordinates,
the equilibrium SE, eq I1.24, becomes

3,8(Q) = La,7[¥, + (T.6V]&@ (I1.30)
The equation for the wave function ¥, eq IL.10, is
3Y = La [V, - Yu(T.8V-T.8V) + %(V,9.8V)]¥
=-3a,S,¥ (I1.31)
Equations I1.30 and I1.31 are separable in this form, pro-

vided V 8V is a function of @, only, as in the Rouse model.
Therefore, we use a product wave function defined by

v=Ily;, «a=1,.,N (11.32)

where , B ¢,(Q,). Equation I1.31 becomes a set of N
equations

O, = =, S, (11.33)
The explicit form of S, for the Rouse model is
Sa = _6{}(2 + ]/4th2 - 3/2 (II~34)

Equation I1.32 can be further separated spatially. That
is, we can write ¥, as a product wave function

Vo = Vo Vo'V’ (I1.35)

where ¥, is a function only of the ith spatial component
of @,. Thus, eq I1.33 can be written as a set of three
equations

0. = -a,S .5 i=1,2,3 (11.36)

where
S, = =3, + %(Q)2 - Y (IL.37)

The eigenstates of S, are those of the one-dimensional
quantum harmonic oscillator. Thus, the nth eigenstate of
S, is

i

(‘)bai)n = Hn(g%) exp[—]/4(Qai)2] (11'38)

(where H, are the Hermite polynomials) and has eigen-
value (A)), = n. Eigenstates of the full operator are
products of the ¢, and the eigenvalues are sums of the A%
It is worth emphasizing that (1) each normal mode is de-
coupled from the other normal modes (that is, ¢, is not
coupled to yy), (2) a given excited state of a specific normal
mode is not coupled to other excitations of that normal
mode (the nth is not coupled to the mth), and (3) an ex-
citation in a specific spatial direction is not coupled to
excitations in another spatial direction (that is, the dis-
tribution is spherically symmetric). We make note of this
behavior to have it available for comparison with the be-
havior in shear flow.

B. Steady State. Statics. In a steady shear flow,
general solutions to the SE are not known. This is in
contrast to equilibrium, for which at least the time-inde-
pendent distribution function (eq I1.8) is known. For the
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Figure 2. Steady-state distribution function ¢y The steady-state
distribution function ¢, given in eq IL.42 is plotted as a function
of x and y; the z dependence has been integrated out. The density
of dots is proportional to ¢4(x,y). (a) £ = 0. The equilibrium
distribution is isotropic. There is no coupling between x and y.
(b) £ = 1. When shear flow is present, the distribution function
becomes ellipsoidal. The major axis of the ellipsoid makes an
angle § with the x axis, where 6 is defined in eq III.1. The
distribution function is broader in x than in y, and it is more
probable that x and y have the same sign than opposite signs.
(c) £ = 2. Stronger flow gradients lead to increased anisotropy
and further elongation of the distribution function.

Rouse model in steady shear flow, the time-independent
solution to eq IL.3 is known and is exhibited below.
Writing the dimensionless velocity field at the ith bead as

do; = AR; (11.39)
where A is defined below eq I1.3, and

& =[1¢, (I1.40)
the SE for the ath normal coordinate is
[0, + o(AQu)Volds = 0.V [Vs + (VB9 (IL41)

The form of the time-independent solution for each of the
3N modes is (omitting the subscript a)

(x - &y)?

2 4 52
1+ 2 +y +z

¢0 = Jo exp _1/2 (II.42)

where x, ¥, and z refer to the spatial components of §, and
£, = 0/(2a,). It is evident from eq II.41 that, when ¢ =
0, the normal modes continue to be independent of one
another. The shear flow does, however, effect a coupling
between the x and y directions. This is illustrated for a
Hookean dumbbell (N = 1) in Figure 2. A Hookean
dumbbell has only one normal coordinate; it corresponds
to the separation vector between the two beads. The ei-
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Figure 3. Force couple on a dumbbell in shear flow. The arrows
at the left of the figure indicate the velocity of the solvent as seen
from the center of mass of the dumbbell. If both beads have the
same y coordinate, then there is no difference in the friction force
acting on each of them. If the beads are separated in the y
direction, then the friction forces acting on them are in opposite
directions; consequently, the dumbbell is stretched in the x di-
rection. The stretching is proportional to the separation in the
y direction; i.e., x ~ £y.

genvalue is a = 2 and therefor £ = ¢/4. Figure 2 shows
plots of the probability density ¢, from eq 11.42, as a
function of x and y (z has been integrated out) for several
values of ¢. Clearly, contours of equal probability would
be ellipses. As the flow rate ¢ increases, the coupling
between x and y increases, the distribution becomes more
elongated, and the symmetry axes rotate further toward
the coordinate axes. This is the behavior one would expect
physically. When the two beads fluctuate around their
average position (@, = 0), they experience differing velocity
fields due to the velocity gradient. The resulting difference
in the frictional force acting on each is such that there is
a force couple acting on the dumbbell which tends to
elongate and rotate it. This is illustrated qualitatively in
Figure 3.

For chains of N + 1 beads, the strength of the coupling,
£,, is different for each mode. For the low-lying modes,
a, is small and £, is very large. For the higher modes, a,
— 4, and the coupling decreases. This can also be un-
derstood on physical grounds. The low-lying modes cor-
respond to long-wavelength fluctuations. Hence, they
probe long distance scales and experience large differences
in the frictional forces. The high-lying modes correspond
to short-wavelength fluctuations and therefore probe only
short distance scales. Thus, the low-lying modes contribute
more significantly to the overall distortion of the chain
than do the higher modes. This appears in eq 11.42 as a
larger coupling constant £.

Dynamics. We will now investigate the time-dependent
behavior of a Rouse chain in a steady shear flow, as de-
scribed by eq I1.41. If we rewrite eq I1.41 as

[8/0t, + 2£,(A-@)V 16, = V[V, + (V. 8V)]4, (IL43)

where t, = a,t and £, B o/2a,, then it is clear that the
behavior is essentially the same for all of the normal
modes; the only difference arises from the time constant
1/a, and the coupling constant £,. Thus, it is sufficient
initially to consider only one mode and we can temporarily
drop the subscript a. For definiteness and simplicity, we
will consider the normal mode of a Hookean dumbbell, for
which the normal coordinate is identical with the relative
coordinate between the beads.

IT1. Hookean Dumbbell

The behavior of a Hookean dumbbell is particularly
simple to visualize because its only normal mode corre-
sponds to the relative coordinate between the beads. In
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addition, the results of the dumbbell can be easily gen-
eralized to describe the behavior of an arbitrary normal
coordinate of the entire chain. Therefore, in this section
we study the behavior of the dumbbell in detail.

As noted in eq I1.41, the presence of the shear flow gives
rise to a coupling between the x and y directions. A co-
ordinate rotation cannot remove this coupling; it will,
however, make the SE easier to solve. Therefore, we rotate
the coordinates about the z axis through an angle defined
by

tan (26) = 1/¢ (I1L1)

and then introduce scaling factors, so that the new coor-
dinates are defined by

x' =@, = 2sin 6(0-Q),

y'=@Q,/ =2 cos 6(0-Q), (I11.2)
z'=Q, = (6-Q),
where
cos 8 sinf 0
6= -sinf cosf O (IIL.3)
0 0 1

In terms of these coordinates, the equation of motion for
¢ is
3,0 = [2 sin? (3,7 + x'3,) + 2 cos? (3, + y9,) +

(8,2 + 29,) - cos (20)(yd,, — x9,) + 3]¢ (IIL4)

The time-independent solution is a simple Gaussian:

bo = Jy exp[-Ylx2 + y'2 + 28] = J, exp[—l/gé’-é’]
(I1L.5)

(This solution is identical with that given in eq I1.42 but
is expressed in term of the new coordinates.) The coupling
between x and y does not appear in the time-independent
solution. The coordinate rotation angle, 8, was chosen so
that the x and y axes lie along the symmetry axes of the
distribution function. The lengths were then rescaled so
that the steady-state distribution function would have
spherical symmetry.

We now seek the time-dependent solutions to eq I11.4,
following a procedure analogous to that used to study the
equilibrium problem. That is, we define a new function

¥ by

¢ = Yoy (I11.6)
where Y is defined in terms of the steady-state distribution
%o

bo = Yo (I1L1.7)
The equation of motion for the wave function y is
o = [2sin? 68,2 - Yyx'2 + %) + 2 cos? 68,2 - Yyy'?

+ %) + (3,2 - Yz’ + o) — cos 20)(yD,, — x9,) ]y = Sy
(1IL.8)

Were it not for the last term on the right, the operator S
would have the same form as the corresponding operator
in equilibrium, given in eq I1.34, which can be recovered
by setting § = 7 /4. Two points are to be made regarding
the last term. First, it describes the coupling between the
x’and y’directions. That this coupling does not appear
in the NESS distribution function in eq ITL5 implies that
only dynamical (time dependent) properties are affected.
Second, the last term in non-Hermitian. Therefore, we
cannot seek an eigenfunction solution before investigating
the properties of the operator S further.
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Bose Operator Representation. Rather than studying
S in its present form, given in eq III.8, we find it useful
to develop a Bose operator representation of S. 16 The
specific representation used here is that of Guyer.” Define
the three-component Bose operators B and B' by

B = aQ/ 1/2Q/
Bt = ——Qr, + %@’ (I1L.9)

which have the property [B, B'] = L. (B;' is a creaction
operator, B; is a destruction operator, and B;'B; is the
number operator.) In terms of these Bose operators, we
have (dropping the primes on the subscripts)

S = BB - cos (20)[(B,'B, - B,'B,) + (B,'B, - B,'B,)]
(11.10)

In equilibrium (8 = =/4), the eigenstates of S are the
quantum oscillator states |(!mn)), where [, m, and n are
the occupation numbers corresponding to x’, y’, and 2/,
respectively.

The most immediately important property of S is that
it is a nonnormal operator (i.e., [S, $*) # 0). Consequently,
it cannot be diagonalized and does not possess a complete
set of eigenstates.’® A second important property of S is
that it is number preserving. That is, an excitation is never
created without the simultaneous destruction of another
excitation. Since the z’direction is not coupled to x’ and
y’, the number of 2’ excitations is not altered by the action
of §. In fact, behavior in the z’ direction is completely
unaffected by the presence of the flow.

Solution to the Diffusion Equation. As in equilib-
rium, the formal solution to the diffusion equation (IIL.8)
is

Y(t) = exp(=St)y(0) (II1.11)

¥ cannot be expanded in eigenfunctions of S, the procedure
employed for equilibrium, because S does not have a
complete set of eigenfunctions. Nevertheless, a more
practical and illuminating form of the solution can be
obtained by expandlng ¥ in terms of the harmonic oscil-
lator basis functions, i.e., eigenfunctions of B'- B. In ket
notation

[(t)) = exp(-St)[¥(0)) (I11.12)

and

W) = Z Cimn(t)|(imn)) (I11.13)

Imn=0
The expansion coefficients C,,,(t) are determined by the
matrix equation

Cimn(t) = (Imn)e™¥I'mm’yCpp(0)  (sum implied)

(111.14)

Normalization requires that (Ojy(¢)) = 1, and therefore
Cooolt) = 1 for all times.
It is convenient to separate S into an equilibrium term

Sy and a flow-dependent term F:

S=8,+F (I11.15a)
S, = BB (I11.15b)
and
F = ~cos (26)[(B,'B, - B,'B,) + (B,'B, ~ B,'B,)]
(II1.15¢)
Since [S,, F] = 0, we have that
e St = g Sutg-Ft (I11.18)
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and, therefore, for eq II1.14, we have
Cimn(t) = eL(ImnleF!|I'm'n’) Cyrn(0)

= e_Lt< lm|€_Ft|l'm ’> Cl’m’n(o) (11117)

where L = | + m + n is the total number of excitations.
Since F is function only of x and y, we have introduced
the two-dimensional ket |Im ), which is in the subspace of
x and y excitations. Since many of the calculations that
follow will be concerned only with this subspace, we in-
troduce M to play the two-dimensional role of L. That is,
M =[]+ m. We also use M to represent the set of occu-
pation numbers (Im).
We define the matrix

T = T\,'™ = (Imle®)l'm’) (I11.18)
Then, eq II1.17 can be written compactly as
Cimn(t) = €L T), ™ Cppn(0) (IT1.19)

e’ LtT, '™ is the time evolution operator e, expressed in

the number representation of the harmonic oscillator.

Exponentiation of the Operator F. To find T),/, we
need the matrix form of the exponential of the operator
~Ft. By definition, this is the same as the exponential of
the matrix form of the operator —Ft. Thus, we need to
exponentiate the matrix —tF, whose elements are defined
by

M = (M|FIM') (I11.20)
Using eq III.15¢ and the Bose algebra defined by
Blla) = (a + DYY(a + 1)) (II1.21a)
and

Bla) = a?(a - 1)) (I11.21b)

we find that
{m|F|i'm’) = —cos (20}{(1 - m)éyb,,, +
[(lm’)l/zél,l/.,.lém’m/_l - (l’m)l/zél'l/_lémymrﬂ]} (III.ZZ)

If the rows and columns of F are labeled in blocks ac-
cording to the total number of x and y excitations, then
F is block diagonal, having blocks of dimension M + 1.
This labeling is depicted in Figure 4.

Each block in a block diagonal matrix does not interact
with the others. Therefore, the various blocks in F can
be exponentiated independently. The blocks are specified
by the total number of x and y excitations, M. Conse-

quently, within a given block, it is only necessary to specify

either the number of x excitations or the number of y
excitations. (These features follow directly from the
number-preserving nature of F.) This suggests an alter-
native, but equivalent and more convenient, way to label
the rows and columns of F, which is to specify M and
(without loss of generality) ! rather than ! and m. This
labeling is also included in Figure 4 (under the heading
“block row no.”). Note that by having the row numbers
begin with zero rather than one, they correspond to the
number of x excitations. In this notation, we have
{Um|Fll'm’y = (LM=||F|I’,M"-1")
= (L,M-UF|,M-1")83ppp
= (Fy)! Smmr (I11.23)

Fy is the (M + 1)-dimensional matrix corresponding to
the Mth block. From eq II1.22, we have

(Fa)/ = —cos (20)[(21 - M)dy, + (I’ + 1) X
M = U)W, 00 = (0 + 1M - D)25,,,] (111.24)

The matrices we need to exponentiate are those defined
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no. of excitations M

dimension d row no. block row no. (Im)

0th block M=0
d=1 1 0 (00)
1st block M=1 2 0 01)
d=2 3 1 (10)
2nd block M=2 4 0 (02)
d=3 5 1 (11)
6 2 (20)
3rd block M=3 7 0 (03)
d=4 8 1 (12)
9 2 (23)
10 3 (34)

Figure 4. Labeling of the matrix F. The matrix F is block
diagonal. The zeroth block is 1 X 1 and acts on states in which
there are neither x’ nor y’ excitations; the first block is 2 X 2 and
acts on states having either one x’ or one y’ excitation; the third
block is 3 X 3 and acts on states having two x’ or ¥y’ excitations;
etc. If the rows and columns of the block matrices are labeled
0 — M, where M is the total number of x’and y’excitations, then
the row and column numbers correspond to the number of x’
excitations. This labeling is given in the fourth column of the
figure.

by eq I11.24. In Appendix A, we show that Fy, is a nil-
potent matrix of index M + 1; i.e.

F)M*1 =0 (111.25)

Therefore, using the series expansion of ¢*, the exponential
of Fy; can be written as a finite sum of powers of F;. Thus

M
exp(-Fyt) = %%(—t)i(FM)" (IIL.26)

and
(LM-lnle P \M*=~l/n") =
M
5,,,,,6MM,Z%(—t)"(l,M—l|F|l’,M—l’) (I11.27)
=0l

We can use the foregoing results to rewrite the solution
for the wave function given in eq III.13 and III1.14:

L M
W) = T 3 Cou,OLM-Ln)  (IL28a)
where
M 4
Cl,M—l,n(t) = e_Ltlgo(TM)ll Cl’,M—l’,n(O) (11128b)
and

M
(Tw)! = Z;.l—‘(—t)i(l,M—l|F'i|l’,M—l') (I11.28¢)
i=ol!

This is the simplest form into which the solution can be
cast unless the transformation that puts F,, into Jordan
canonical form is known. For many quantities of interest,
only small values of M contribute and T can be determined
explicitly.

To understand the behavior described by eq II1.28, let
us suppose that initially a specific excited state of the
system is occupied; say, for example, the state |[,K-I,j).
That is

Cr mrn(0) = 8y 10p k0nj + Oy 00pg00n0  (1IL29)

(The second term in C(0) is required for normalization of
the probability distribution.) The state of the system at
later times is
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K
[¥(t)) = 10) + X e & (T}, K-1"j) (I11.30)
1'=0

The total number of excitations will not change, though
their amplitude will decay with the overall factor e~ &*/)t,
As time evolves, however, the K excitations in the x and
¥ subspace will be redistributed. The states |i+i,K-I=i,j)
will begin to grow with an initial time dependence #. The
time dependence is an exponential modified by a poly-
nomial in ¢, rather than purely exponential decay. Even-
tually, the exponential factor will dominate and all states
will decay (except |0), of course).

It is appropriate to point out here that each matrix F,
does have one (and only one) elgenvector, whose eigenvalue
vanishes. That eigenvector is

1/2
IM) = Z( 1)’[—27@(1;'—)] |L,M-1y (II1.31)

If there are no excitations in the z direction, then this
eigenvector corresponds to a distribution function in lab-
oratory coordinates

¢M = JMHM(§)¢ss
o x-4fy
- 21/2[1 + SZ]I/Z

where H,, is the Mth Hermite polynomial. If one of the
eigenstates of the system is excited, then the decay back
to steady state will be purely exponential.

Results. Despite the somewhat cumbersome form of
the solution to the diffusion equation, appearing in eq
I11.28, we can nevertheless determine some quantities of
interest. In particular, we consider the position correlation
functions.

An arbitrary correlation function, in the rotated coor-
dinate system, is given by

FD)g0)) = (OfeSgl0) = ¥ %

(I11.32)

n.n’=0 M,M'=0
MM’ ©
Z (OlfllM—l,n)<l,M—l,nIe‘F’|l’,M’—l’,n’> = 2
nM=0
5 e~ Mt (O1f(1, M=1,n ) (L, M=l|e P, M=1") (1" M-U,n|g|0)
Li=0
(111.33)

We can evaluate the position correlation function by taking
fand g = Q' = Bt + B. We need to determine only
exp(-tF;) and exp(-tF;). From eq III.24, we find
exp(—tFy) =1
exp(-tF;) = I - tF, (I11.34)

where

F; = cos (26) <_i _i)

The correlation functions in the rotated coordinate system
are

(2(t)2(0)) = e*
(y'®)y70)) = e t(1 - t cos (26))
(x(t)x(0)) = e™*(1 + ¢t cos (20))

(x(t)y0)) = et(~t cos (26))
(y(t)x(0)) = e7*(2t cos (26))
(2'(H)y10)) = (y(t)z"(0)) = 0
(z'(t)x"(0)) = (x(t)z"(0)) = 0

(I1L.35)
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These results can be transformed back to the laboratory
frame by using the definitions in eq II1.1 to II1.3. The
results in matrix form are

. (1+262+2%) s1+2t) 0
(R*(t)R*(0)) = e | £ 1 0 ) (111.36)
0 0 1,

(More correctly, we seek (I_f*(t)ﬁ*(t ’)), which is given by
eq II1.36 if ¢ is replaced by |t — ¢’|.) The order of labeling
of the rows and columns i (xyz). For example, (y(¢)x(0))
= ¢7(§). Att =0, the results for the average behavior in
the steady state, which can be determined directly from
the distribution function in eq I1.42, are recovered. Re-
ferring once more to Figure 2, we note that the distribution
is broader in x than in y. This feature is indicated in the
correlation functions by the result (x2) = (y?). That (xy)
# 0 and is positive indicates that x and y are more likely
to have the same signs than opposite signs, a feature that
is also evident in Figure 2.

The position correlation functions and the anisotropic
feature of the distribution function can be understood
more fully by studying the time dependence of the cor-
relation functions as the system evolves from a given
displacement back to the steady state. That is, we will
study the conditional average (f(¢|R*0)), the average value
of f at time ¢ given the system is at By* = (x(,y0,20) at ¢
= (), which is given by

(F(tiBo*0)) = f dR* f(B*)p(R*t|R*0) (I11.37)

If the system is at I-éo* att = 0, then

#(0) = 8(R*~R,*) (111.38)

and
Y(0) = 8(B*-Ry*)[¥(Ry*)] /2

Using the closure relation (valid for any complete set of
states), we can rewrite the 6 function in terms of the ei-
genfunctions:

- = ® M - -
S(R*-Ro*) = Z_ Z\l/z,M-t,n(R*)‘Pz,M-z,n(Ro*) (111.39)
where y; M.;,,(R*) is the projection of |,M-I,n) onto R*.
Explicitly!®

1 1/2

By = o-Mm2| 2
E*) =2 M- |

y
Hz( EIJE/_Z )HM-I( oY) )H ( o173 )%(R*) (I11.40)

Using the solution given in eq II1.28, along with eq II1.37
to HI-39, we find for the conditional average of an arbitrary
functlon f(R*) at time ¢

7 Tan

Vintin(Bo®)
gt OIfL, M1y X
Z ZZ-O By OEMn)

(M-1"1e” P M-1y (111.41)

(ftiBo®)) =

The ratio of the wave functions is given by eq 111.40.

For the conditional average displacement, only n,M =
0 and 1 contribute. Using Hy(x) = 1 and H(x) = 2x, we
find, in the rotated coordinate system

(x(t|Qy/0)) = e[(yy" + x')t cos (20) + x4’ ]
(y(t1@,'0)) = e[(yy + xq')(~t cos (20)) + y,'] (II1.42)
(2(t]Q0)) = e tzy
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Figure 5. Conditional average (x(t|Bs*0)). The behavior of
(x(tho*O)) (abbrewated {x(t)}) is plotted as a function of time.
I{x(t)}] achieves a maximum whenever x, < |2£y,|. (x(¢)) ap-
proaches its steady-state value {x(«)) = 0 with the same sign as

Yo

The desired results are obtained by transforming back to
the laboratory frame:

. . xo + 2yt
(R*(t|By*0)) = ¢ <y0 0) (I11.43)

2o

The decays of the y and z displacements depend only
on the initial displacements y, and 2, respectively. The
decay of the x displacement, on the other hand, depends
not only upon x, but also upon y; as time evolves. The
coupling parameter is the dimensionless velocity gradlent
£. The behavior of (x(t|R0*0)), abbreviated (x(t)), is il-
lustrated in Figure 5, for several choices of x, and y,. Note
that if xo/(28y,) < 1, then the magnitude of the x dis-
placement, |[{x(t))], can actually increase before decreasing.
The maximum will occur at

bmax = 1- xo/(2£y0)

Another interesting feature is that, as the system decays
back to the steady state, (x(t)) always approaches zero
with the same sign as y,. This behavior is evident in eq
I11.43; the term 2¢yqt will always dominate x, after a
sufficiently long time. This is not surprising, since we have
seen that in the steady state, x and y are more likely to
have the same sign than opposite signs.

The effect of the shear flow on the decay of (x(t)) and
{y(t)) back to their steady-state values of zero is seen more
dramatically in the parametric plot in Figure 6. This plot
shows the trajectory followed by the mean end-to-end
vector (R*(tho*O)) projected onto the (x,y) plane, for
several initial displacements. The trajectories are deter-
mined by eq I11.43 and are given analytically by

x = [(x0/y0) — 2& In (y/y0)ly

If there were no flow (¢ = 0), the trajectories would be
straight lines from the initial state to the origin. In the
presence of a flow, however, the dumbbell rotates to align
with the flow as it relaxes back to its steady-state position.
Note that if the initial y displacement, y,, is positive, then
the displaced bead is “pushed” to the right by the flow;
if , is negative, the displaced bead is “pushed” to the left.
This is as one would expect physically (refer to Figure 3).
{x(t)) achieves a maximum along the line x = 2£y, which
is shown as a dashed line in the figure.

(I11.44)

(I11.45)
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<y> /

Figure 6. Trajectories of ({x(t)), {¥(¢))). This is a plot of the
mean end-to-end vector (R*), projected onto the (x,y) plane, for
various initial conditions. The dumbbell aligns with the flow as
it relaxes back to its steady state distribution from an initial state.

The conditional average (I—é*(t|§0*0)) in eq II1.43 helps
us to explain the behavior of the time correlation functions
in eq II1.36. The correlation functions are obtained by
measuring B* at t = 0 and again at subsequent times,
forming the product R*(t)R*(O), and then averaging this
quantity in the steady state. Let us consider this process
in light of the conditional average. For a given Ky*, the
subsequent values of y will be, on average, y{t) = yge™.
Averaging over the steady state then gives, for example

(¥(t)y(0)) = (yoypre™
(¥(£)x(0)) = (yoxpre™

The subsequent values of x, on the other hand, are coupled
to ¥, as time evolves. Thus, we have

(x(t)y(0)) = ((xo + 2ypt)yere™
(x(t)x(0)) = ((xg + 2y,t)xg)e™ (111.47)

This explains the lack of symmetry in the time correlation
function (R*(¢)R*(0)): The time evolution of the x dis-
placement is coupled to the initial y displacement, whereas
the evolution of the y displacement is not coupled to the
initial x displacement.

From the correlation functions in eq III.36, we can im-
mediately determine the prediction of the Hookean
dumbbell model for the stress tensor and the material
functions of a dilute solution. These are well-known re-
sults;? they are given in Appendix B.

The discussion of the Hookean dumbbell model pres-
ented here adds to our understanding of the Rouse model
in several ways. The intuitive expectation that a stretched
dumbbell in shear flow will rotate to become aligned with
the flow is confirmed quantitatively. This behavior is
depicted most clearly in Figure 6. The advantage of using
the dumbbell model to demonstrate this behavior is that
the sole normal coordinate corresponds precisely to the
end-to-end vector; i.e., it corresponds to the relative co-
ordinate of the beads. Hence, there is no difficulty in
transforming from the normal coordinates to laboratory
coordinates. The dumbbell model also demonstrates that
fluctuations about the steady-state distribution of the
dumbbell coordinates do not decay back to the steady state
with a purely exponential relaxation. Rather, the relaxa-
tion is modified by polynomials in t. The same time de-
pendence arises in Hookean chains, as will be seen in
section IV. This additional time dependence is important
in predicting the outcome of frequency-dependent mea-
surements which are made on a system undergoing shear.

(I11.46)
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Having studied the Hookean dumbbell in shear flow
fairly exhaustively, we will now proceed to the study of
Hookean chains in shear flow.

IV. Harmonic Chains

As noted in section II, all of the results for the Hookean
dumbbell are easily extended to the ath normal mode of
a harmonic chain by making the replacement ¢t — ¢, = a,t
and £ — £, = 2¢/a,. Thus, the behavior of the chain is
already understood in terms of its normal modes. The
major difficulty in using the normal mode results to de-
scribe the chain behavior is a mathematical one—namely,
the transformation from normal coordinates to laboratory
coordinates. For example, if we want to determine the
correlations between different beads, we must sum over
the contributions from all normal modes. We will consider
three quantities of interest—the position correlation
function between different beads, the dynamic structure
factor of the chain, and the material functions.

Position Correlation Function. The dimensionless
position correlation function Ay(t) is a 3 X 3 matrix defined
by
A, = ([B®) - BOIBW® - RO = o
(R;(0R;(0)) + (R;(0)R;(0)) — (R,(t)R;(0)) - (R;(t)R(0))

(Iv.1)

Using eq I1.22 and I1.29, we can express the required
correlation functions in terms of the normal coordinates:

(R(t)R;(0)) = £B, B, U, U,(Q,(),00)  (IV.2)

uov

We have used _the independence of the normal coordinates,
that is, that (Q,(t)Q,(0)) « 8,5 Using the dumbbell results
in eq II1.36, we can infer that

2
1+ %(1 +a) Za+2ap o

aﬂ
Q.00 % 1 0 | av.s
aﬂ
0 0 1

Only the xx, xy, and yx components of A;; are affected
by the flow; thus

(Aij)xz = (Ai)')zx =0
(Aij)yz = (Aij)zy =0
(Ay)yy = (Ay),, = Y3A%;
A°;; is the equilibrium (¢ = 0) correlation function given
by
A°;(t) = ([R(t) - Rj(o)]2>0 = 3X[B;,'B;," +

poy

'Bju—lBja_1 - 2Biu_1Bjo'—le—ayt] quUau = SESij(/J"VyU;t)

oy

(IV.4)

av.5)
We also define
Ve 1
Al(l.I’t) = Z—Sij(ﬂ,d,v;t)
por@y,
and
.. 1
A2(U’t) = Z;;Sij(ﬂvayy;t) (IV-G)
por@,

In terms of these sums, the interesting components of A;(t)
are, from eq IV.3,
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(Byj)ex = Yo% + BEA,(i)t) + tA(if,0)]
(Agey = 26IA.0) + %a20°]
(Bj)yx = 280,G02)

(IvV.7)

The sums in eq IV.5 and IV.6 are evaluated for large N
in detail in ref 20 and in summary in Appendix C. The
results are valid only for ¢t «< N? and N > 1. (These
inequalities specify what is meant by “large” N.) A feature
worth noting, which arises in shear flow but is absent in
equilibrium, is that the mean square bead separation de-
pends not only on the separation of the beads along the
chain (i ~ j) but also on the chain length. This feature can
be understood in two ways. First, longer chains probe
longer distances and therefore experience greater velocity
differences. Consequently, they are distorted by the flow
more than short chains. Second, the greatest contributions
to the separation are from the long-wavelength, low-lying
modes. As was discussed previously, in section II, these
modes are more strongly coupled to the flow; furthermore,
the coupling is stronger for longer chains. The general
results for the correlation function are cumbersome and
not very illuminating (see ref 20 and Appendix C); we will,
however, consider several interesting limits.

The correlations between the 1st and the (N + 1)st
beads determine the average behavior of the end-to-end
vector R. Recalling that we may consider only ¢ << N?, the
correlation functions are

(R,R,) = N[1 + ¥s£2N%(1 + 8t /3N? + ..))]
(R.R,) = ViEN3(1 + 5t /36N + ...)
(R,R,) = VetN3(1 - £ /36N? + ...)

(R,R,) = (R,R,) =N (IV.8)
These results agree with an earlier calculation of (R2) at
t = 0.2 The dependence on N seen here can be under-
stood by the following argument. In the steady state, the
net force acting on the chain must vanish. Thus, the spring
forces that act to coil the chain and the friction forces that
act to stretch the chain must balance. The friction force
that stretches the chain is

(’Yzl:(yﬁl - ¥)E = Hyner - y)E = (YRE

The harmonic force acting to coil the chain is given by the
product of the amplitude of an eigenvector and the ei-
genfrequency. In terms of the normal coordinates, the
force for the »th mode is F, = ¢,Q,. The softest normal
mode, which is the most easily excited, is the lowest mode
(v = 1). Its frequency is a; ~ N-2. It has no nodes, and
therefore its amplitude goes as B. Equating these forces
gives

I'NR, ~ (¥R,
or
R, ~ EN°R,
Thus, (R.R,) ~ N*(R,R,) ~ ¢N°. This argument also
accounts for the second term in (R.R,), since
(R.,R,) ~ N (R,R,) ~ {N°

Next, we consider the self-correlation function A;(t). We

consider a bead near the center of the chain, that is, i ~

N/2, for which end effects are unimportant. In this limit,
one can show that?°
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t\/2 &
Q=2 - + 4—5-tN3

(Ai)zy = (Ai)ys = gtN (IV.9)

This behavior can be understood by an argument similar
to that of de Gennes?! for a chain in equilibrium. The
average distance between two beads near the center of the
chain in shear flow is given by*

((x; = x)?) = |i - j| + Je®N*Gi - ))*
((x; = x); ~ y)) = %tNG - j)?

This is the physical distance between two beads separated
by a distance | - j| along the chain. In time ¢, a disturb-
ance can propagate a distance (i — j)? along the chain. (The
fluctuations “random walk” along the chain.) In other
words, it can travel a distance |i - j| in time ¢*/2. From eq
1V.10, this corresponds to a physical distance in space

x% ~ Y2 + N3¢

(IV.10)

and
xy ~ ENt

Structure Factor. The dynamic structure factor for

a harmonic chain can be determined directly from the

correlation function A;i(t). The structure factor is defined
as

" 1 2 .

S(k,t) = =3 (e*RirDg kR D)) (Iv.11)

Using a cumulant expansion,? one can write In [S(E,t)] as

a power series in k. Since the steady-state distribution

function has a Gaussian form, only the second-order term
is nonvanishing. One finds

Sk = xTexp(BA;OF (V1)
i
To lowest order in &
- 1 - -
S(k,t) = N - Eﬁlzj:k-A,-j(t)-k (IV.13)

Using the approximation

N
S/ ~ Ni+l

n=1

for N> 1

one can show

S Aij,0) ~ N?
ij
S A(i,0) ~ N?
tf

and
ZAz(iJ' ,0) ~ N7
i

Therefore, apart from precise coefficients, the static
structure factor to lowest order in & is

S(k,0) ~ N{1 - N[k2(1 + £2N*) + 2k,k EN? + k2 +
k2] ~ N(1 - k-(RR)-k) (IV.14)
(The latter statement in eq IV.14 is seen by comparison
with eq IV.8.) Thus, as in equilibrium, at small wave-
number k, the structure factor probes the coil size. In

shear flow, the coil size is anisotropic; the anisotropy in-
creases with increasing velocity gradient and increasing
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chain length. Very strong dependence is seen in AS, the
difference between the structure factor in shear flow and
in equilibrium:

AS(R,0) ~ ~N(£2N*k,2 + 2tN?k, 2k (IV.15)

The static structure factor can be used to obtain in-
formation about the length of a polymer chain. The de-
pendence of S(k,0) on length is much stronger in shear flow
than in equilibrium. The dynamic structure factor is also
modified by the shear flow, not only in its dependence on
chain length but also in its time dependence, and is given
by eq IV.13.

Material Functions. The prediction of the Rouse
model for the material functions of a dilute solution can
be found easily from the steady-state correlation function.
The polymer contribution to the stress tensor of a dilute
solution of Rouse chains is?

7, = nkT[-Z(R*R*) + NI] (IV.16)
Using
S(R*R*) = L(Q:@),
eq IV.3, and a; =~ (N/#i)? leads to the results
n — s = nkTN?*r /12
¥, = nkTN4r%/180 (IV.17)

W, =0

These are the well-known material functions predicted by
the Rouse model.? The model fails to predict the observed
non-Newtonian behavior of the material functions.

V. Conclusion

We have studied and thoroughly understood the be-
havior of a Hookean dumbbell in steady shear flow. For
a given initial fluctuation of the dumbbell out of the
nonequilibrium steady state, we have determined the re-
laxation back to the steady state exactly. The relaxation
is altered (with respect to equilibrium) by the presence of
shear flow. The degree to which it is altered increases with
the size of the fluctuation in the y displacement. Physi-
cally, this is because if the beads probe larger distance
scales in the y direction, then they sense greater differences
in the solvent velocity; consequently, the rotation of the
dumbbell by shear flow is stronger. See Figure 6.

We have also determined the exact behavior of the
normal modes of a Hookean chain in shear flow. Behavior
analogous to that of the dumbbell is obtained. Longer
chains, which probe larger distance scales, experience
greater coupling to the solvent velocity. Similarly, long-
wavelength excitations of the chain, corresponding to the
low-lying normal modes, are more strongly coupled to the
solvent velocity than are short-wavelength excitations. An
arbitrary fluctuation of the chain can be written as a su-
perposition of normal modes; its evolution in time is then
known in terms of the evolution of the normal mode
contributions.

Generality of the Results. The diffusion operator for
a flexible chain in equilibrium can be cast into a Hermitian
form, regardless of the spring potential between the beads;
see, for example, eq I1.10. In this form, the diffusion
operator has a complete set of eigenfunctions, which cor-
respond to excitations (or fluctuations) of the distribution
function. It follows that the evolution of a given excitation
is exponential in time. For the Hookean chain in shear
flow, however, we have seen that the exponential relaxation
is modified by polynomials in time. This is a general result
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which we will now show is true for a chain in shear flow
for any spring potential.

The diffusion operator for shear flow cannot be cast into
Hermitian form (unless one employs a rotating set of co-
ordinates, which leads to a time-dependent effective po-
tential). Furthermore, it is a nonnormal operator, by virtue
of the flow term, and hence cannot be diagonalized.
However, for any operator, there exists a complete set of
basis states in which its matrix form has Jordan canonical
form.?® This form is block diagonal. Each block has an
eigenvalue on the diagonal and zeroes and ones on the
superdiagonal {or the subdiagonal). Therefore, the time
development operator exp(-St) is also block diagonal, with
each block having the following form:

1 ¢ L2283 . tN/N
0 1 t t2/2! V(N - D!
iy . . . .
\ .
where A is the eigenvalue and N is the dimension of the
block. The basis states correspond to statistical fluctua-
tions out of the steady state. From the above form of the
diffusion operator, we can conclude that, in general, dif-
ferent fluctuations are coupled; the coupling is governed
by a polynomial evolution in time, though the overall re-
laxation is still exponential. These features were evident
in the dynamical behavior of the Hookean dumbbell and
chains in shear flow.

Modified Gaussian Theories. Our results for the
fluctuations of a Hookean chain in shear flow can be ap-
plied immediately to modified Gaussian theories, in which
nonlinear springs are replaced by Hookean springs with
shear rate dependent spring constants; i.e., I' — I'(§). The
spring constant increases with increasing shear rate and
thereby prevents the springs from stretching indefinitely.
This gives rise to a non-Newtonian viscosity, a result that
can be seen by the following argument: For a non-Hookean
spring, the stress tensor is?

7, = f{(FR*)+ kTNY

and therefore
0=, = —$<FixRiy*> (V.1)

where F; is the force on the ith bead due to the springs.
In the steady state, the force exerted by the springs and
the force due to the friction must cancel. Thus

Fi, = -{yIRy*

for any spring potential. Using 3 ;R *R,* = 3°,Q,,Q;,, the
viscosity can be written

n-ns = {P2(Q,Q:) (V.2)

In general, therefore, the viscosity is proportional to the
mean square y displacement of the springs. For a modified
Gaussian theory, eq V.2 leads to
$ 1

R
where q; is the ith Rouse eigenvalue. The viscosity de-
creases as the shear rate and the spring constant increase.
The physical process is this: The shear flow stretches the
spring in the x direction. If the nonlinear part of the spring
potential becomes important, then the restoring force of
the spring is greater than it would be for a Hookean spring.
In the x direction, this restoring force is countered by the
frictional force of the solvent. However, because of the
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nonlinearity of the spring force, the increased separation
of the beads in the x direction also increases the restoring
force in the y direction. Since there is no other force to
counter this process, the mean square bead separation y?
decreases. The viscosity is thereby reduced. The modified
Gaussian theories mimic the nonlinear increase in the
restoring force of the spring by increasing the Hookean
spring constants. Therefore, all of our results for the dy-
namical fluctuations of a Hookean chain are immediately
applicable to modified Gaussian theories. Once the
modified spring constant T'(¥) has been determined (which
can be done by using the steady state), then the fluctua-
tions around the steady state are described by making the
replacement I' — I'(¥). This prescription implicitly as-
sumes that the modified spring constant would not be
altered by the dynamics, which is reasonable at least as
a first approximation.

Hydrodynamic Interaction. Some of our results are
also valid when preaveraged hydrodynamic interactions
are included in the model, which, to be consistent, should
be preaveraged in the steady state rather than in equi-
librium.!? To include the preaveraged hydrodynamic in-
teractions, the Rouse matrix, the Rouse eigenvalues, and
the Rouse normal modes must all be replaced by their
Zimm counterparts. With those replacements, the corre-
lation function of the Zimm normal coordinates is given
by eq IV.3. The time evolution is like that of the free-
draining chain—it is described by exponentials modified
by a linear term. The relaxation time and the strength of
the coupling to the flow are altered, and therefore the time
dependence of the bead correlation function A;(t) would
also change. The precise dependence would be determined
by the diagonalizing transformation and the Zimm eigen-
values.

Acknowledgment. The author thanks R. A. Guyer for
many useful and stimulating discussions and suggestions
and acknowledges B. R. Reinhold for assistance in pre-
paring Figure 2. This work was supported by the National
Science Foundation (Grant DMR 8205352) and the Army
Research Office (Contract DAAG 29-81-K-0179).

Appendix A
We show here that the matrix Fy,, given by eq 111.24,
is a nilpotent matrix of index M + 1; i.e., (F)¥*1 = 0. We
begin by showing that all eigenvalues of F; vanish. To
this end, we note that if A; { = 1, ..., N + 1) represents the
eigenvalues of any (N + 1)-dimensional matrix A, then
N+1
2 A2 ="Tr A? (A1)
i=1
where Tr = trace. One can show that Tr F,? = 0. Thus,
the sum of the squares of the eigenvalues of F); vanishes,
which implies that each eigenvalue must vanish. Note that
this is true whether or not the eigenvalues are complex,
for if ), is a complex eigenvalue, then so it A\;*; since (A2
+ A*?) = (Re A)? + (Im );)?, both the real and imaginary
parts of \; must vanish. From this we can infer that the
characteristic equation for Fy,, given by

Det (FM - )\I) =0
is
(=AML =0 (A.2)

Since every linear transformation is annulled by its
characteristic polynomial,?® we have (F;)M*! = 0.

Appendix B

We derive here, from the correlation functions in eq
I11.36, the prediction of the Hookean dumbbell model for
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the material functions of a dilute solution. An expression
for the stress tensor is derived in ref 2. In terms of the
dimensionless coordinates used here, the polymer con-
tribution to the stress tensor is

1, = nkT[-BVo(R*R*) + 1] (B.1)

where n is the number density of dumbbells. The first
term is the stress due to the tension in the springs. The
second term is the stress due to the tension in the springs
when the system is in equilibrium; the stress tensor in-
cludes only the stress that arises in response to the flow.
From eq I11.36, we have

282 £t 0
Tp = —nhT(E 0 0 > (B.2)
0 0 0

From the stress tensor, we can determine the viscosity, the
first normal stress coefficient ¥, and the second normal
stress coefficient ¥,. (See ref 2 for definitions.) The
Hookean dumbbell model predicts

n—1n, =nkTr/4
¥, = nkT (B.3)
¥, =0

Contrary to experimental results, the material functions
are predicted to be independent of shear rate. This points
to the inadequacy of the Hookean dumbbell model.

Appendix C

We outline here the evaluation of the sums A°;(t),
A (ij,t), and Ag(ij,t), which are defined in eq IV.5 and IVG.
Details can be found in ref 20. We need that?2°

B,'=j/(N+1); j<vEN+1
B, '=-[1-j/(N+ DI
Biu_l = 1;

yr<j<N+1 (C1)
J=N+1

With this expression for B! and eq 11.26 for U and using
Gradshteyn and Ryzhik?* (1.342.1) and (1.352.1), we find
after some algebra

N
T B,U,, =
u=1
_( 2 )—1/2 1- (2i—1 vr )
N+1 . v cos 2 N+1
2 sin TN+ D
(C2)
Using this result in eq IV.5, we find
a°;(6) =
2 r ; y . -
3(N +1 )Zﬂ:a—yf[cos ((i+j-1)8) cos ((i-))8) - 1] + [1 -
cos ((i-})8) exp(-a,t)] + [1 - cos ((i+j-1)8) exp(-a,t)]]
(C.3)

where 0 = y7 /(N + 1) and we have added and subtracted
1/a, from the summand and regrouped terms. For N »
1 and t « N? this sum can be replaced by an integral.
(The restriction ¢t << N? arises from taking the lower limit
to be zero.) We find

A%(t) = 3Uo(—)) + L(i+5-1) +

2 f 46 | cos (i+j-1)8) cos ((i=)8) ~ 1] (C.4)
0

T 42
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where

Iy(s,t) = %f % [1 - cos (8s) exp(-6%t)] (C.5)
0

These integrals can be evaluated by replacing 62 by 62 +
€%, integrating term by term (using GR?¢ (3.723.2) and
(3.954.2)), and then taking ¢ — 0. The result is

A%(8) = 3{LoG—jt) + Io(i+j-1,¢) = ((+j-1)}

where

/2
Io(s,t) = |s|<I>( 5 ) + 2(%)1 exp(-s?/4t) (C.6)

2t1/2

and @ is the probability integral.

A;(ij,t) can be evaluated in a manner analogous to A%,
except that terms will appear that would diverge if the sum
were approximated by an integral. These terms must be
isolated and summed directly. Using eq C.2 in the defi-
nition in eq IV.6, we find
N1
P

N+ 1,502
[cos ((i=))8) + cos (((+j-1)8)](1 - a,t) — [cos ((i-))8) +
cos ((i+j-1)8)](exp(-a,t) - 1 + a;t) (C.7)

D e e A4

We have added and subtracted the underlined terms. The
first two terms diverge as § — 0, and, therefore, they
cannot be approximated by an integral. (This is a con-
sequence of strong dependence on N.) However, they can
be summed directly by using GR?* (1.443.3) and (1.443.6),
along with the product formula for cos A cos B. The last
term can be approximated by an integral, which can then
be evaluated in a manner analogous to that used for A°;;.

When eq C.2 is substituted into A,(ij,t) in eq IV.6, terms
appear that diverge even more strongly as § — 0 than those
in A;(ij,t), as a consequence of even stronger N depen-
dence. As in Aj, these terms can be isolated and summed
exactly. We find

AZ(”]’t) =

( 2 )IZV: L 1+ +7i-1)6 i—1)0
Nr1) 5\ o JIL+ cos (G+71)0) cos (=)0)] -

[cos ((i=))8) + cos (({+j-1)O)](1 ~ a,t + a,2t?) -

[cos ((i=/)) + cos ((i+j-1)6)] x

[exp(-a,t) - 1+at-a’t]
(where, again, we have added and subtracted the under-
lined terms.) The first two terms can be summed exactly,
while the last term can be approximated by an integral,
which can then be evaluated exactly. The full results for
A(ij,t) and Ay(ij,t) can be found in ref 20. Some inter-
esting limits are given and discussed in section IV.

A,Gy0t) =

[1 + cos ((i+j-1)8) cos ((—/)8)] —
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Dynamics of an Entangled Chain in an External Field'
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ABSTRACT: A straightforward model for the dynamics of an entangled macromolecule in an external field
is presented. The model balances the frictional drag forces, random thermal forces, and the external body
forces acting on a chain confined to a tube by entanglements with its neighbors. The calculated center-of-mass
velocity is found to be in agreement with experiment and current theories, and the center-of-mass diffusion
coefficients parallel and transverse to the external field are predicted to increase with increasing field strength.
The time required for a chain to renew its configuration is predicted to decrease with increasing field strength.
The results of a computer simulation based on this model are in agreement with theory.

Introduction

The self-diffusion of linear entangled polymers seems
to be well described by the reptation theory of de Gennes.?
Of present interest is the effect of an external body force
on this mechanism of diffusion.>® The most important
example of this process is gel electrophoresis where DNA
molecules of differing molecular weights that are forced
through a gel by an applied electric field can be separated
with extreme sensitivity. Of course, other body forces
should have similar effects on the dynamic properties, and
experiments to test this can be envisioned: gel sedimen-
tation where a centrifugal force separates chains of dif-
ferent molecular weights and the self-diffusion of a tracer
chain in a chemical potential gradient formed by the in-
terdiffusion of two miscible polymers.

Several theories have been proposed to determine the
dynamics of an entangled polymer in an external field.
Those of Lumpkin and co-workers®* and Slater and
Noolandi®® are based on modifications of the version of
reptation set forth by Doi and Edwards.? In this model,
an entangled chain is viewed as being trapped in a tube
that prohibits motion perpendicular to its contour and,
therefore, the chain is forced to follow the tube’s contour
by the set of equations

*This work performed at Sandia National Laboratories supported
by the U.S. Department of Energy under Contract No. DE-AC04-
76DP00789.

r,(t + At) = {[1 + £()]/2r,4.(t) +

{[1 - &0)1/2r, () (2<n<N-1)

ry(t + At) =
{[1+ &)]/2ra(t) + {[1 - E@)]/2}[r1(t) + v(8)] (1)

l'N(t + At) =

{1+ £@)]/2}[rn(8) + v(O)] +1{[1 - £B)]/2ry1(8)

where r;(t) is the position of the ith monomer at time ¢,
v(t) is a random vector of segment length a, which defines
the orientation of a terminal segment as it leaves the tube,
and £(t) is randomly 1 or ~1, depending on which end of
the chain leads. Lumpkin et al. calculated the center-
of-mass velocity* and found agreement with experimental
observations that the velocity is inversely proportional to
the molecular weight for low molecular weights and is
independent of it at higher values.'*!?2 They were not,
however, concerned with deriving a complete theory for
the dynamics of entangled chains in an external field, as
is the goal of the present study. Slater and Noolandi® do
propose such a theory, and the differences between their
theory and ours will be discussed later in this paper.
Olvera de la Cruz et al.? approached this problem in a
completely different manner. They simulated an entan-
gled macromolecule in an electric field by a chain moving
via modified Verdier-Stockmayer dynamics!®!* in the
presence of a fixed obstacle net and an external field. The
chain relaxation time in their simulation actually increased
with increasing field strength. At first this result seems
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